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S u m m a r y .  - -  The paper deals with the behaviour of a viscous liquid 
whose flow preserves the structure of the material columns. A balance 
law for energy is established which accounts for Navier-Stokes dissipa- 
tion; on appealing to the invariance of such a law under rigid motions, 
balance equations for mass and linear momentum are derived. I t  is an 
outstanding consequence of the theory that  the simultaneous occur- 
rence of viscosity and inertia terms makes long gravity waves be governed 
by the combined Korteweg-de Vries and Burgers equation. 

1 .  - I n t r o d u c t i o n .  

S t a n d a r d  accoun t s  of long g r a v i t y  waves  of finite amp l i t ude  are  b a s e d  
u p o n  t he  s impl i fy ing  a s s u m p t i o n  t h a t  t he  v i scos i ty  is t o t a l l y  negligible (1). 

Desp i te  this  dras t ic  simplification, serious difficulties still  occur  because  of t he  

presence  of nonl inear  iner t ia  t e rms  and  of t h e  nonl inear  b o u n d a r y  cond i t ion  
over  t h e  u n k n o w n  free surface.  T h a t  is w h y  the  l i t e ra ture  bears  ev idence  of 
several  a p p r o x i m a t e  m e thods  m a k i n g  t he  p rob lem hand i e r  (2). 

La te ly ,  in order  to  set up  more  realist ic models  for  g r a v i t y  waves  in f l u i d s ,  
v iscos i ty  has  been  receiving a grea t  deal  of a t t en t ion .  Some  -~pproaches descr ibe 
v i scos i ty  b y  h a v i n g  recourse to  a diffusion ope ra to r  (3,4). Others  describe vis- 

(1) J . J .  STOI{~ER: Water Waves (New York, N.Y. ,  1957). 
(2) See, e.g., (1) and J. HAMILTON: J. Fluid Mech., 83, 289 (1977). 
(a) E. OTT and R. N. SUDAN: Phys. Fluids, 13, 1432 (1970). 
(4) T. KAKUTANI and K. ~ATSUUC~II: J.  Phys. Soc. Jpn. ,  39, 237 (1975); J. W. MILES: 
Phys. Fluids, 19, 1063 (1976). 
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cosi ty through l~avier-Stokes '  law, bu t  make  use of l inear approximat ions .  
Specifically, l inearized bounda ry  conditions were adopted  bo th  in dealing with  
long waves in shallow water  (5) and in inves t igat ing smal l -ampl i tude s tanding 
surface waves in infinitely deep liquids (6). 

I n  spite of the  wide interest  in the subject ,  a rigorous theory  of g rav i ty  
waves based on l~'avicr-Stokes ' equations is still lacking. A first contr ibut ion 
towards  a be t t e r  unders tanding  of the role of viscosity in g rav i ty  waves is given 
in a paper  of Met (7), in which the  diffusion length is assumed to be not  too small 
~s compared  with the fluid depth;  in this way he was able to retain nonline~r 
effects. I t  is jus t  the a im of this paper  to provide a new contr ibut ion by  
establ ishing a scheme which describes viscosity via ~av ie r -S tokes '  law and, 
meanwhile ,  accounts  fully for the nonlinear boundary  conditions. Prc(.isely, 
bas ing upon the  scheme e laborated by  GREEN and ~AGIII)I (s) in connection 
with inviscid fluids, here we develop a model  for g rav i ty  waves in viscous fluids 
under  the  only approx imat ion  t ha t  the  fluid part icles which, a t  some initial 
t ime,  belong to a ver t ical  (material)  column will cont inue to belong to the same 
ver t ical  column; u l t imate ly  this condition turns  out  to 1)e similar to bu~ more 
accura te  t han  the shal low-water  approx imat ion  (0). 

Often,  in s tudying wave propaga t ion  problems governed by nonlinear 
equations,  one considers only the  lowest approximat ion ,  nanlely 1he linearized 
counte rpar t .  An approx ima te  procedure,  allowing also for nonlinear terms, 
m a y  be per formed by  hav ing  recourse to s t re tching t ransformat ions .  This 
second procedure,  which has been applied for invest igat ing the  s t ructure  of 
shocks (lO), is now widely used because of its gTeat flexibility for describing 
dispersive and dissipative waves (").  For  example ,  in connection with water  
waves, we ment ion  an applicat ion of s t re tching t ransformat ions  by  means 
of which Green and :Naghdi's inviscid model  is shown to lead directly to the 
Kor teweg-de  Vries equat ion (~o.,,3). Here  we apply  again this procedure so 
as to examine  the  effects of viscosi ty on the behaviour  of nonlinear long wave, s. 

Briefly, the p lan  of the  paper  is as follows. In  sect. 2, s ta r t ing  f rom the 
basic assumpt ion  of Green and h 'aghdi ' s  column n|odel, we derive the  balance 
equat ions for mass and  l inear m o m e n t u m  from the energy equat ion of viscous 

(s) M. I. G. BLOOR: Phys. Fluids, 13, 1435 (1970). 
(8) M. YANOWITClI: J. Fluid Mech., 29, 209 (1977); A. PRO~PERFTTI: .Phys. JFluids, 
19, 195 (1976). 
(7) C. C. MEI: J. Math..Phys. (N. :Y.), 45, 266 (1966). 
(8) A. 
(~) F. 
(lO) R. 
B O V I C I I  

(11) C. 
(12) F. 
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fluids via  the  invar iance under  superposed r igid-body motions.  Then,  as a 
par t icular  case, in sect. 3 we obta in  the  shal low-water  model  for viscous fluids. 
Final ly,  in sect. 4 we are concerned wi th  an ou ts tand ing  appl icat ion of the  
new theory.  Precisely,  af ter  hav ing  ascer ta ined t h a t  Su and  Gardner ' s  ap- 
proach (x,) does not  apply  to our equations,  we analyse  the  consequences of a 
suitable s t re tching t ransformat ion .  I t  is a no tewor thy  consequence t h a t  long 
g rav i ty  waves tu rn  out  to be governed b y  the  combined  Kor teweg-de  Vries 
and Burgers  equat ion;  this provides a new h y d r o d y n a m i c  mot iva t ion  (,,xd) 
for ma thema t i ca l  invest igat ions of such a model  equat ion  (,5.16). 

2.  - C o l u m n  m o d e l .  

Let  x, y be hor izontal  space co-ordinates,  z the  ver t ica l  space co-ordinate  
and  (el, e2, e3) the  associated o r thonormal  basis. Hencefor th  we consider an  
incompressible viscous fluid with cons tan t  mass  densi ty  ~ moving  be tween  the  

uneven  b o t t o m  
x = x e l  + ye2 - -  h (x ,  y )  e3 

and the  free surface 

x = xe l  + ye2 + ~(x, y, t) e3, 

where t is the  t ime.  The  ver t ical  co-ordinate  is chosen is such a way  t h a t  a t  
equil ibrium the free surface is V(x, y, t) = 0. The pressure a t  the  free surface  
is the  a tmospher ic  pressure p , ,  while the  pressure P a t  the  b o t t o m  is a funct ion 
of x, y, t. As usual,  a superposed dot  denotes the  mate r ia l  t ime  der ivat ive ,  while 

g is the  g rav i ty  acceleration. 
Roughly  speaking,  the  column model  (s.9) relies on the  hypothes is  t h a t  the  

e lementa ry  cons t i tuents  of the  fluid are infinitesimal ver t ical  columns r a the r  
t h a n  the  usual  fluid particles.  This is made  precise b y  saying t h a t  the  posi t ion 
of a part icle  of the  fluid is expressed as 

(2.1) 

where r = x e l  -4- ye~, ~ = (~ - -  h)/2, ~ = ~ -4- h, Z e  [--  �89 �89 the  free surface 
corresponds to  Z = �89 the  b o t t o m  to Z = -  ~. I n  view of (2.1) the  ve loc i ty  

V =  ~ m a y  be wr i t t en  as 

(2.2) V = v + O. + Zw) e . ,  

(i~) R. S. JOHNSON: J.  Fluid Mech., 42, 49 (1970). 
(15) A. JEFFREY and T. KAKUTA~I: S I A M  Rev., 14, 582 (1972). 
(is) D.  J.  KAUP: Physica D (The Hague), 1, 391 (1980). 
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w h e r e  v ~- i: is t h e  h o r i z o n t a l  c o m p o n e n t  of t h e  v e l o c i t y ,  whi le  ~ ~ ~b, w ~-- ~b. 

As  to  t h e  p h y s i c a l  m e a n i n g  of 2 a n d  w, we n o t e  t h a t  2 = 2(x, y, t) is t h e  v e r t i c a l  

v e l o c i t y  of t h e  c e n t r e  of mass  of t h e  f luid c o l u m n  a r o u n d  (x, y),  whi le  Z w  is 

t h e  v e r t i c a l  v e l o c i t y  of t h e  p a r t i c l e s  of t h e  c o l u m n ,  a t  z = V ~- Z~,  r e l a t i v e  

t o  t h e  c e n t r e  of mass .  

I t  shou ld  be  m e n t i o n e d  t h a t ,  in  c o n j u n c t i o n  w i t h  t h e  v e l o c i t y  field ( 2 . 2 ) ,  

t h e  h o r i z o n t a l  v e l o c i t y  v a t  t h e  b o t t o m  is d i f f e ren t  f rom zero u n l i k e  t h e  u sua l  

a s s u m p t i o n  t h a t  v - - - - 0  a t  t h e  b o t t o m .  P h y s i c a l l y  th i s  m a k e s  t h e  co lumn  

m o d e l  a p p r o p r i a t e  if t h e  effects  of v i scous  a d h e r e n c e  a re  conf ined  to  t h e  

b o u n d a r y  l a y e r  in  wh ich  t h e  f luid m e e t s  t h e  b o t t o m .  

To go f u r t h e r ,  i t  is c o n v e n i e n t  to  look  a t  a n  a r b i t r a r y  f luid c o l u n m  o c c u p y i n g  

a t i m e - d e p e n d e n t  r eg ion  .~2" b o u n d e d  b y  a c losed c y l i n d e r  ~'~ * r  whose  un i t  

o u t w a r d s  n o r m a l  is d e n o t e d  b y  n (see fig. ] ) .  Moreover ,  d e n o t e  b y  ~ t h e  p a r t  

of t h e  sur face  z :-= ~(x,  y, t) b e l o n g i n g  to  ~ * .  These  n o t a t i o n s  a l low us to  e x -  

~ - ~ -  ~ ~ . . . . . . .  

. . . .  ~**..~-:~=~"-~"-~'~.,'-:~*,-~ .- ~ - - - . . : ~  . - . ' ,  . .  ~ 7  .:. I /  * * ~ , . , . .  ~. , ~ , ,  : .  , = ~ ' ~ . , : -  , _  -== . . . .  _ _ ~  ~ - - - - ~ = - .  : . . . - .  = . - ,  . . ,  . - 

- ~., ~:~-.--..-..:............._~.~ - - ~ ~ ~ ' - i : - y  I/ 
. , .  ~ . - ,  . . .  , . . . . . . . , .  - ,_ . _ _ ~ -  . . . ,  ~ - ~ . . _ . . . . . , . , .  ~ ' = -  

. = - _ :  . _ - ' ~ . .  - . ~ . . - .  . _ -:=-::.~ . . . ' . ~ . . - :  : - ' . - . = . : . ~  . .  

~ - ~ ~ ~ ~ ' - . : . .  " " ..,,g,_ ~ ~ ~ '  ~:' ~:: ..... . .  ?: .: :-~ 

Fig. 1. - A typical  fluid column: ~* is the  column, 8~* the cylindrical  boundary., 
the  intersection of the column with the surface z ~ ~(x, y, t). 



~ FFECTS OF VISCOSITY ON WATER "WAVES 5 ~  

press the energy balance as the natural  generalization of the one corresponding 
to the  inviscid approximat ion (s,9). Le t t ing  the stress tensor  T be given by  
the usual :Navier-Stokes' law 

T = -- p l  q- 2juD, t r  D = 0 

for incompressible fluids, we have 

(2.3) f f ~ + g z + e  = QrdVq- [ ( - - p n + 2 # D n ) ' V - - q . n ] d a ,  
~ *  ~ *  ~.~* 

where e is the  internal  energy, r the ra te  of supply of external  heat ,  q the  hea t  
flux vector.  

Of course, the  balance law (2.3) holds for a rb i t ra ry  regions ~* ,  which need 
not  be column shaped. Moreover, eq. (2.3) must  be invar iant  under  super- 
posed rigid-body motions, which means t ha t  the  change of f rame corresponding 
to  the t ransformat ion V-+ V + U must  leave eq. (2.3) unaltered.  Accordingly, 
the  arbitrariness of the constant  vector  U allows us to  derive the usual forms 
of the balance of the  linear momen tum as 

df f d--t (oV + geat)dV := ( - -pn q- 2/aDn)da 

and, hence, of the balance of internal  energy as 

f f d~ ~edV= (2/aD.D q- ~r)dV--  q . n d a .  

As a consequence, the  balance equat ion (2.3) simplifies to 

(2.4) d =f2/~V.(divD)dV--fpnda. 

~Tow we move on to  exploit  the  balance equat ion (2.4) wi thin  the  f ramework  
of the  column scheme. First  we observe tha t ,  in connect ion with the  veloci ty  
field (2.2), the s t retching tensor  D takes the  form 

D = t d �89 V(2 + Zw) 
�89 V(~. + Zw) 

) - -V"D 

where V =  el(~/~x) + e2(~l~y) and d = sym (Vv). Thus the  powers at  the  
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free surface (~ and  at  the b o t t o m  ~b are 

~, =fp. [~.v~-  (~ + �89 ~=f~[~ .W- (2- �89 

while the  power a~ a t  the cylindrical surface c ~  * is expressed as 

where 

ao = - e3. f H v  • d r ,  

i~  ~ f p(z) dz . 
- - h  

As a result,  the  balance  of energy for the  column under  consideration takes  
the  form 

dyl(  ) (2.5) dt ~ ocf v 2 + 2  2 + w ~ + 2gy~ dxdy = 

= # 2 ~ v ' ( V ' d )  + v ' V w  + q~2V22 + ~ cfwV2w dxdy + 

f{ ( 1) ( 1)} f + p. v ' V ~ - - 2 - - ~ w  + P  v ' V h + 2 - - - ~ w  dxdy - -e~ .  H v •  

bTow we derive the  balance of mass and  linear m o m e n t u m ,  within the  scheme 
of the  columnlike mot ion,  through the  invar iance of the  energy balance equa- 
t ion (2.5) unde r s upe rpos ed  r igid-body motions.  The rout ine procedure provides 

d 

df 
d-t ~ dx dy --~ 0 , 

d-tt ~q~(2 + gt)dxdy = ( P - - p .  +/~0V'2) d x d y .  

On appeal ing to Green 's  theorem and  to the  arbi t rar iness  of ~ ,  these equat ions 
lead to the  corresponding local field equat ions 

(2.6) 

(2.7) 

(2.8) 

~ + ~ V ' v = 0 ,  

~ 0  = - -  V / / +  p.V~ + P V h  + 2/~qV" d + # V w ,  
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Therefore,  the differential counte rpar t  of eq. (2.5) can be rearranged as the  
equat ion 

] 1 1 
(2.9) ~ o~*u) = H--~c f (P  + p~) + ~i~2t+cf~V~w. 

In  spite of the cumbersome s t ructure  of the  system (2.6)-(2.9), it  is wor th  
investigating the column model for two reasons at  least. First ,  i t  accounts  in 
a na tura l  way for the boundary  conditions at  the  free surface and at  the  b o t t o m  
wi thout  any par t icular  assumption about  the  depth  funct ion h. Second, al though 
it  embodies s tandard  assumptions on the veloci ty  field, which are typical  of 
the  shallow-water approximat ion (~7), the  column model  does not  involve any  
a priori condit ion on the pressure field. Accordingly, such an approach m a y  
be viewed as the most  general model within the context  of shallow-water theo- 
ries. This assertion, which will be made  apparen t  in nex t  sections, is sub- 
t an t i a t ed  by  the feature  tha t ,  in the case of inviscid fluids, the  column model  
leads s t ra ightway to the Korteweg-de Vries equation,  while the s tandard  
shallow-water theory  does not  (11,12). 

3 .  - S h a l l o w - w a t e r  m o d e l .  

In  the shallow-water theory  (long-wave approximation)  the  vert ical  accel- 
eration of the  fluid particles is assumed to be negligible, which is equivalent  to  
ident ifying the  pressure p with the  hydros ta t ic  pressure. I f  viscosity effects 
are present ,  such an equivalence no longer holds and, therefore,  we have  to 
select the p roper ty  characterizing the shallow-water theory  in viscous fluids. 

Following L A ~  (~"), we s ta r t  by  assuming t h a t  the  pressure p is, in fact ,  
the  hydros ta t ic  pressure, namely 

(3.1) 

This in tu rn  implies tha t  

P =  ogq~ + p,,  

p = eg(~ - z) § p . .  

/ /_--  (�89 Qg~ + P , )~ ,  

thus reducing by  two the number  of unknown functions.  Accordingly, the  sig- 
nificant equations are 

(17) K.  O. FRIEDRICaS: Com m u n .  Pure  A p p l . . M a t h . ,  1, 81 (1948). 
(is) H. LAMB: t l yd rodyndmic s ,  V I  e d i t i o n  (Cambr idge ,  1932). 

37 - II Nuovo Gimento C. 
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which are consistent  wi th  the  two-dimensional  approach  carried out  before 

in the  l i tera ture  (see, e.g., (5,7)). 

I t  is wor th  r emark ing  tha t ,  as migh t  be expected,  in the  viscous shallow- 
wa te r  model  the  evolut ion of the  horizontal  ve loci ty  v is affected also b y  the  
ver t ica l  veloci ty  field @. Meanwhile, assumpt ion  (3.1) does not  imply  the  con- 

ditions ~ = O, ~b ----- O. Indeed,  we have  

(3.2) ~t = #V2~, 

(3.3) ~b = / ~ V 2 w ,  

which m a y  be viewed as compat ib i l i ty  conditions on the  solution ~(x, y, t), 
v ( x ,  y ,  t).  Of course, they  hold insofar as (3.1) holds. Relat ions (3.2), (3.3), 
whereby  the  velocities ~, w satisfy the  diffusion equat ion,  are perfect ly  con- 
s is tent  wi th  the  fac t  tha t ,  usually,  account ing for viscosi ty th rough  ~av ie r -  

Stokes '  law leads to parabol ic  equations.  

4. - Model equations for nonl inear long waves .  

With in  the scheme per ta in ing  to  the  column model,  the  sys tem of equa- 
t ions (2.6)-(2.9) accounts  exac t ly  for viscosi ty and  nonlinear inert ia  terms.  Addi- 
t ional  restr ict ions on the  scheme allow us to give easily new insights into the  
proper t ies  of water  waves in viscous fluids b y  appeal ing to a proper  s t re tching 
t ransformat ion .  To make  this poin t  precise, observe first t h a t  the  flatness 
of the  bo t tom,  namely  h = h0, enables the  sys tem (2.6)-(2.9) to be wri t ten  as 

q- ~ V .  v = O, ~qo = - - V ( H -  ~p,) -}- 2 / ~ V .  d -}-/~Vq, 

P - -  p = �89 ecf~ ~- egcp - - 1 / a c f  V 2 cp , I I  - -  cfp~ = �89 ~cp~ bp -{- �89 egcf2 - -  �89 /~cp2 V 2 cp . 

l~ow, as usual, suppose t h a t  the  b o t t o m  is fiat and  t h a t  the  fields under  con- 
siderat ion depend on t and  on the  spat ia l  co-ordinate x only. Then,  denot ing 
b y  u the  x -component  of v, the  re levant  equat ions are 

(4.1) q~, -~- (~u)~ = 0 ,  (q~u), § (q~u ~ + Z)~ = 2v~u~ , ,  

where v = / ~ / ~  is the  k inemat ic  viscosity,  while 

(4.2) 1 2 l y  2 �9 
z = - ~  § ~g~  - -  ~ ~ ( ~ ) ~ -  ~ 

The fac t  t h a t  sys tem (4.1) cannot  be viewed as a par t icular  case of the  one 
inves t iga ted  b y  S c  and  GARDNER (11) leads us to  s tudy  in detai l  the  behaviour  

of (4.1) under  s t re tching t ransformat ions .  
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In  the linear approximation with viscosity neglected (v ~ 0) the system 
(4.1) yields the equation 

c f t t -  ghoc f~  =- 0 

accounting for waves moving to both  the left and the right with speed Co -= (gho)L 

Basing on this observation, consider a wave moving to the right with speed 

Co as fundamenta l  solution of (4.1) which makes x - -  Co t the dominan t  variable. 
Accordingly, introduce the new space-time co-ordinates ~, r defined as 

(4.3) ~ = e ~ ( X - - C o t ) ,  v--- e~+lt, 

the parameter  ~ being indeterminate  as yet.  I n  stretching t ransformations 
the parameter  s plays also the role of ordering parameter  in formal expansions 

of the fields around the equilibrium state. Hence we write 

(4.4) 

(4.5) 

q~ -~ ho + e~'-[-  s ~ " - {  - . . . ,  

u = 0 + eu 'q  s~u"-t" . . . .  

Relative to s tandard theories, the physical  parameter  v represents an ad- 
ditional feature of the fluid. For  the sake of generality, we let v be given the 
form 

(4.6) v = dVo, 

v0 being a measure of the s t rength of the viscosity effects (~9). Of course, on 

account  of (4.6), the exponent  fl is expected to be nonnegat ive;  its precise value 
will be determined later. Now by  vir tue of (4.2) we have 

(4.7) 

where 

X = Xo + sX'-~- a~X"+ .. . ,  

Zo= �89 z ' =  cg~', 

~-- cohos ~ ~- Vo CoS~+~-l(.v~ �9 

We are now in a position to derive the consequences of eqs. (4.1);  in 
terms of ~ and r, we get 

(4.8) { e ~  + (u - -  Co) ~v~ -t- qu~ = 0 ,  

1 
su~ Jr (u - -  Co)Us 4-  qJ Z~ 2Voe~+~u~ �9 

(19) To admit a dependence of physical parameters on the ordering parameter is cus- 
tomary in the literature (see, e.g., (~)); an analogous procedure is adopted in connection 
with particular fields (see, e.g., H. WAS~I~ and T. TAXn:TI: l ' hys ,  leer. Lett . ,  17, 
996 (1966)). 
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S u b s t i t u t e  (4.4)-(4.7) in to  s y s t e m  (4.8) ; to  l ead ing  order ,  b o t h  eq. (4.8) are  

t CO 

~ = ho ~ '  

w h e n c e  

Ur Co 
= ~ ~ ' +  1(~). 

Tile usu'f l  a s y m p t o t i c  condi t ions ,  n a m e l y  u ' - > 0  and  ~v'->0 for  ~--~ :! ~ ,  
a l low us to  set  1 ( 3 ) =  0 (13). 

At  n e x t  order ,  eqs. (4.8) t a k e  the  f o r m  

2Co , , 
~ ~- ~ ~ Ve- -  (COW-- hour) = O, 

2 
Co / co , , ] 2 2 : , - 1  , Co Co ,, 

h d i rec t  COml)~rison yiehts  

t ! . - 1  ! 3Co , , Voe~+~_~ 1 cohoe2~ cfr162 0 . 
(4 .9 )  q'" q- 2ho ~f c[r - -  ~ c[r162 ] 6 

Cons i s t en t ly  wi th  our  p rocedure  t he  e x p o n e n t  ~ ~- f l - -  ] a n d  2 ~ - -  1 n m s t  be  
n o n n e g a t i v e  and  hence  ~ > 1 - - f l ,  a >  ~-. Thus  th ree  cases a re  possible.  F i r s t ,  
0 < f l  < �89 ~ = I - -  fl; eq. (4.9) reduces  to  t h e  Burge r s  e q u a t i o n  (2o) 

3Co ~ r ~o t 
(4.10) q'" ~- ;~o (F q ~ - -  ~ q~er = 0 .  

Second,  a = f l - -  �89 this  p rov ides  t he  K o r t e w e g - d e  Vr ies -Burgers  equa t i on  (15) 

3co , , ] 
( 4 . 1 ] )  q" ~- ~oo ~v q ~ - -  Vo t , , q ~  § ~ Co ho q ' ~  = 0 .  

Th i rd ,  fl > �89 a = �89 eq. (4.9) simplifies to  the  K o r t e w e g - d e  Vries equa t i on  (:1) 

, 3Co 1 . , 
(4.12) ~" + 2%'o ~ ' ~  + 6 coho~u~ = 0 . 

I t  is a t r iv ia l  t a s k  to  o b t a i n  t he  c o u n t e r p a r t s  of (4.10)-(4.12) in t e r m s  of the  
or ig inal  co-ord ina tes  x, t. F o r  example ,  l e t t i ng  n = eq0', eq. (4.11) becomes  t 

3Co v 1 c o h ~ n ~  = 0 ( 4 . 1 3 )  nt if- ~ nn~ + Con~-- ~ n ~  -[- ~ . 

(2o) j .  M. BURGERS: Adv. Appl. Mech., 1, 171 (1948). 
(21) D .  J .  KORTEW],:C, and G. D]~ VINES: Philos. Mag., 39, 422 (1895). 
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The outs tanding  result  of this section m a y  be phrased by saying t h a t  (4.] 0) 
or {4.12) accounts  for g rav i ty  waves  in viscous fluids when  dissipation (viscosity) 
or dispersion (inertia) dominates ,  respect ively.  If ,  instead,  these p h e n o m e n a  
affect g rav i ty  waves with comparab le  s t rengths ,  then  eq. (4.11) const i tu tes  
the  appropr ia te  description. 

5.  - F i n a l  r e m a r k s .  

Star t ing  f rom the column model  approx imat ion ,  we have  de r ived the  ba lance  
equat ions for an incompressible viscous fluid. Then,  confining the  a t t en t ion  
to flat bo t toms,  we have  shown how eq. (4.13) governs the evolut ion of long 
water  waves. I t  is wor thy  of note  t h a t  eq. (4.13) agrees wi th  the  analogous 
one derived by  ]~EI (7). Sometimes,  however,  i t  is claimed t h a t  viscosi ty ef- 
fects are described by  other  equat ions (3,~,22). Accordingly,  we hope t h a t  the  
present  pape r  results in a significant step towards  a unified descript ion of 

viscosity. 
In  the  last  decade, considerable a t t en t ion  has  been focused on the effects 

of uneven bo t toms  on the  evolut ion of long wate r  waves- - see ,  e.g., (23,~4). I t  
is our in tent ion to hinge again upon  the  balance  equat ions s ta ted  in sect. 2 
so as to invest igate,  through a nonlinear theory ,  the  evolut ion of soli tary waves  
under  the influence of var iable  dep th  and  viscosity.  In  a sense, this would 
represent  the  coun te rpar t  of Djordjevic ' s  paper  (~4) in which viscosity is described 

via the  diffusion opera tor  (~,4). 

The research repor ted  in this pape r  was per formed in col laborat ion wi th  
the  I s t i t u to  per la Matemat ica  A p p l i c a t a -  C~'I~, Genova,  in connect ion with 
the  project  (( Conservazione del Suolo )~, subproject  (( Dinamica  dei Litoral i  ~>. 

(2~) W. FERGUSON, P. SAFFMAN and II. YuE_x: ,~tud. Appl. Math., 58, 165 (1978). 
(2s) T. KAKU~ANI: J. Phys. Soc. Jpn., 30, 272 (1971). 
(24) V. D. DJORDJEVIC: Int. J. Non-Linear .Mech., 15, 443 (1980). 

�9 R I A S S U N T O  

Si considcra il comportamento di un liquido viscoso il cui flusso conserva la struttura 
delle colonne materiali. Si formula ml bilancio dell'cncrgia che contiene il termine dissi- 
pativo di Navier-Stokes; applicando quindi l 'invarianza di tale legge di bilancio per 
moti rigidi si dcducono Ie h~ggi di bilancio per la massa e la quantit~ di moto. ~ una 
rilevante conseguenza della teoria che, per la simultanea presenza di termini inerziali 
e viscositY, le onde lunghe di gravith sono governate dall'equazione combinata di 
Korteweg-de Vries e Burgers. 
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B~H~HHe B93KOCTH Ha HOBe~eHHe FpaBHTa~HOHHMX B0~91tMX B0,)'IH. 

PeamMe (*). - -  PacCMaTpnBaeTc~ noBe~eHne B~I3KO~[ 7KH~KOCTH, nOTOK KOTOpO~ coxpaH~eT 
cTpyxTypy CTOn6a BClJIecTBa. r 6a~aHc 3HcprI~ri, Ir Co~cp~HT 
~HCCHHaTHBHbI~I qYleH naBbe~ I/IcHoYlb3yH HHBapHaHTHOCTb 3TOFO 3aKOHa OTHO- 
CHTeIIbHO He~e~OpMHpyeMblX ~BH)KeHH~ BbIBO~HTCSl ypaBHeHH~[ ~aJiaHca ~Ji~t MaccbI 
It HMHyJIbCa. l-[onyqeHO BRI~HOe CYle}~CTBHe 3TOH TeOpHH: O)~HOBp~MeHHOe HOHBYleHHe 

qJleHOB~ CB~t3aHHbIX C BH3KOCTbIO H HHepL[HeH, IIpHBO~[HT K TOMy, qTO ~JIHHHble FpaBH- 

TaUHOHHble BO.rlnbI onpe)IenaiOTCn O61,e~FlneHHblM ypaBHeHHeM KopTeBera-~e Bprica 
H Byprepca.  

(*) HepeaeOeRo pet)arque~. 


